Abstract. In this paper we introduce the notions of G * 1 L-module and G * 2 L-module which are two proper generalizations of δ-lifting modules. We give some characterizations and properties of these modules. We show that a G * 2 L-module decomposes into a semisimple submodule M 1 and a submodule M 2 of M such that every non-zero submodule of M 2 contains a non-zero δ-cosingular submodule.
Introduction
Throughout this article, all rings are associative with an identity, and all modules are 
Dual to the notion of singular submodule of a module M , Z(M ) is defined by Talebi and Vanaja in [11] ,
then M is called a cosingular (non-cosingular ) module.
In [10] , inspired by this definitionÖzcan defined the submodule
Every cosingular module is δ-cosingular and every non-δ-cosingular module is non-cosingular.
In [13] , Tribak and Orhan defined G 1 L-modules and G 2 L-modules and they investigated some properties of these modules and in [12] , Talebi and Nematollahi defined C*-modules and studied some properties of such modules.
In this paper, we defines G * 1 L-module and G * 2 L-module that are generalizations of G 1 L-module and G 2 L-module and we discuss more results which are different from the results of papers [12, 13] 
Proof. The proof is similar to [12, Theorem 2.10] . □
We define a module to be H-δ-supplemented if for every submodule N of M there exists 
Proof. (1) =⇒ (2) This is easy. (1) This is easy. □ Theorem 2.6. The following statements are equivalent for a ring R: 
Hence (N + D)/N is both non-δ-cosingular and δ-cosingular, and so
Proof. , A ⊕ (R/B) has the SSP by [3] and G * 2 L by [9] . But has not the SIP. 
Lemma 2.12. Assume that M is (D 3
Proposition 2.14. 
Proposition 2.16. Every δ-cosingular module (and so every
We have the following implications:
Proof. Let N ≤ M be a non-δ-cosingular submodule. By assumption, N contains a 
The Main Results
In this section we consider some important properties of G Proof. Let N/Soc δ (M ) be a submodule of M/Soc δ (M ). Then there exist submodules
, and we deduce Proof. Let M be a non-δ-cosingular G * 2 L module and X = ⊕ i∈I X i a local summand of M . Since each X i is a direct summand of M , and □
